This paper describes the financial planning model InnoALM developed by Innovest for Austrian pension funds including their own managed for the Austrian employees of the electronics firm Siemens. The model is one tool in the analysis of the growing worldwide problem of ageing and the growing number of pensioners in an environment of increased demand for government services such as national pensions. The model uses a multiperiod stochastic linear programming framework with a flexible number of time periods of varying length. Various forecasting models yield inputs that provide the generation and aggregation of multiperiod discrete probability scenarios for random return and other model parameters. The correlations across asset classes, of bonds, stocks, cash and other financial instruments, are scenario dependent using multiple covariance matrices that correspond to differing market conditions. This feature allows InnoALM to anticipate and react to severe as well as normal market conditions. Austrian pension law and policy considerations are modeled as constraints in the optimization. The concave risk averse preference function is to maximize the expected present value of terminal wealth at the specified horizon net of expected convex (piecewise linear) penalty costs for wealth and benchmark targets in each decision period. InnoALM has a user interface that allows for visualization of key model outputs, the effect of input changes, growing pension benefits from increased deterministic wealth target violations, stochastic benchmark targets, security reserves, policy changes, etc. The solution process using the IBM OSL stochastic programming code is fast enough to generate virtually online decisions and results and allows for easy interaction of the user with the model to improve pension fund performance.
Introduction
Siemens AG Österreich, as part of the global Siemens Corporation, is the largest privately owned industrial company in Austria. The total turnover (EUR 2.4 Bn. in 1999) is generated in a wide range of business lines including information and communication networks, information and communication products, business services, energy and traveling technology, and medical equipment. The Siemens Pension fund, established in * This research was supported by Innovest. Thanks are due to Melania Paunescu for computer help on the graphic interface, Johann Maurer for encouragement and support, and Stavros Zenios for helpful comments on an earlier draft of this paper.
1998, is the largest corporate pension plan in Austria and follows the defined contribution principle. More than 15.000 employees and 5.000 pensioners are members of the pension plan with EUR 510 million in assets under management as of December 1999.
Innovest Finanzdienstleistungs AG, which was founded in 1998, acts as the investment manager for the Siemens AG Österreich, the Siemens Pension Plan as well as for other institutional investors in Austria. With EUR 2.2 billion in assets under management, Innovest focuses on asset management for institutional money and pension funds. This pension plan was rated the best in Austria of seventeen analyzed in the 1999/2000 period.
As discussed more fully in §1, there are a number of factors that led Innovest to develop the pension fund asset-liability management model InnoALM. Primary among these is the realization that the changing demographics in Austria, as across Europe and the rest of the globe, is creating a higher percentage of retirees to workforce. This will add to the financial burden on the government making it paramount that their own private employee pension plan be managed in the best possible way using systematic asset-liability management models as a tool in the decision making process. The myriad of uncertain aspects, possible future economic scenarios, possible stock, bond and other investments, transactions costs and liquidity, currency aspects, liability commitments overtime, Austrian pension fund law and company policy suggest that a good way to approach this was via a multiperiod stochastic linear programming model. Models of this type evolve from that of Kusy and Ziemba (1986) , Cariño, Ziemba et al (1994 and others as surveyed in Ziemba and Mulvey (1998) . The state of the art of such models and their implementation has expanded greatly in the 1990s; see Ziemba and Mulvey (1998) . Censor and Zenios (1997) and Zenios (1999) survey large scale asset-liability applications to bond and fixed portfolio management where problems with thousands of scenarios and millions of variables were solved as early as the beginning of the 1990s.
Faster computers have been a major factor. For example, Gondzio and Kouwenberg (1998) in a Dutch Pension Fund asset-liability management application, solved problems with millions of scenarios, constraints and variables. What is crucial is not that large models can be solved but that good models can be developed that well represent the situation at hand and be user friendly and provide the essential information required quickly to those who need to make sound pension fund asset-liability decisions. Such models allow pension funds to diversify and strategically plan their asset holdings across the world, as suggested by Levy and Sarnat (1970) , Solnik (1974) and Jorion (1985) .
They also are able to keep track of and consider the various aspects relevant to the prudent operation of a company pension plan that is intended to provide retired employees a supplement to their government pensions. The multiperiod stochastic programming approach has a number of practical advantages over alternative approaches such as static mean-variance analysis (see e.g. Sharpe and Tint, 1990) , continuous time modeling (see e.g. Rudolf and Ziemba, 2000) , shortfall risk minimization (see e.g. Leibowitz and Henriksson, 1988) and other approaches (see e.g. Ziemba and Samuelson, 1989) . This approach is able to include more of the essential elements of the real problem. However, much insight follows form the study of alternative approaches and much of that theory is embedded in InnoALM.
Expost evolution studies of pension fund performance over time such as Brinson, Hood and Beebower (1986) , Hensel, Ezra and Iikiw (1991) and Blake, Lehmann and Timmermann (1999) focus on various possible sources of this performance such as strategic asset allocation, market timing and security selection. These studies indicate that strategic asset allocation is the crucial variable in successful pension fund performance. InnoALM provides a good procedure for implementing crucial aspects of pension fund management policies, constraints and goals to achieve superior long run performance while at the same time providing short-term risk management through diversification across various scenarios that can occur as asked for in discussions by Lo (1999) , Merton (2000) and others.
To construct such a model, the team of authors listed above was assembled and the model InnoALM was produced in six months during 2000 with Geyer and Ziemba serving as consultants with Herold and Kontriner being Innovest employees. InnoALM has a number of features not found in the previous literature and also verifies that a small team of researchers with a limited budget can quickly produce a valuable modeling system that can easily be operated by non-stochastic programming specialists on a single PC. The IBM OSL stochastic programming software provides a good solver. (A survey of this and other stochastic programming software appears in Wallace and Ziemba, 2002 .) The solver was interfaced with user friendly input and output capabilities. Calculation times on the PC are such that different modeling situations can be easily developed and the implications of policy, scenario, and other changes seen quickly. Such an example is shown in §4.
The remainder of the paper consists of a discussion of the pension fund situation in Austria and Europe in §1. This is followed in §2 by the development of the stochastic programming model. The mathematical aspects of such multiperiod stochastic linear programming models applied to asset-liability management is well documented in the literature, see e.g. Cariño, Ziemba et al (1984 , Censor and Zenios (1997) , Ziemba and Mulvey (1998) , Gondzio and Kouwenberg (1998) , Golub et al (1995) , Zenios et al (1998) , and Wallace and Ziemba (2002) . Hence, the focus here is on this model's formulation. §3 discusses the scenario generation and statistical inputs available for use in the model. Fat tailed scenarios, representing real asset prices and scenario dependent correlation matrices are novel aspects of the InnoALM system. §4 presents the results using a model formulation with five decision periods of length one, one, two, two and four years with four asset classes of stocks and bonds. The graphical output shown provide pension fund management with essential information to aid in the making of informed investment decisions and understand the probable outcomes and risk involved with these actions. §5 provides conclusions and final remarks.
The Pension Fund Situation in Austria and Europe
The ageing of the world's populations is occurring rapidly. By 2030 there will be roughly a doubling from about 20% to about 40% of those 65 and older, the retiree group, compared to those 15-64, the worker group in most of the countries of the world. Better living conditions, more effective medical systems, a decline in fertility rates and low immigration into the Western world all contribute to this ageing phenomenon. Table 1 shows this for the major European countries. By 2030 two workers will have to support each pensioner compared with four now. Bos (1994) This demographic effect will have a major impact on public and private pension plans in Europe. Without a change in the policy towards financing methods of pension expenditures, especially in the public social security systems which are usually based on the pay-as-you-go principle, future costs will increase significantly; see Table 2 .
References discussing European pension plans and future problems include Davis (1997 ), Financial Times (2000 , Mercer (1998) and Philip (1997) . European Union state pensions (pillar 1) account for about 88% of total pension costs. Without any changes the pension payouts will grow from 10% of GDP in 1997 to over 15% of GDP in 2030 for many countries within the Single Market. Contribution rates will have to be raised significantly to enable the public social security system to cope with this problem.
However for some countries such as UK and Ireland, pension costs will remain stable over the projection period. Not surprisingly, in these countries pension schemes linked to employment (second pillar) and pension provisions taken out by individuals (third pillar) are well established. Rosevaere et al. (1996) To overcome this problem, reforms of the public pension systems will be necessary along with an effective environment for pillar 2 and 3 private pension systems. In 1997, according to Eurostat, only 7% of total pension payments for the whole EU were from pillar two and less from pillar three. The Netherlands (32%) and the UK (28%) have more developed private pension fund systems.
Effective private pension plans will need to play a more major role given the countries' demands for health care and other social services in addition to pensions. Table 3 shows that except for the UK, the Netherlands and to a lesser extent Ireland and Sweden, pension fund assets as a percent of GDP are rather low. In Austria they were less than half of the EU average at barely 10% of GDP. (1996) This paper describes a model for the effective operation of second pillar private pension funds in Austria. These funds usually work on a funded basis where the pension benefits depend on an employment contract or the pursuit of a particular profession. Schemes are administered by private institutions and benefits are not guaranteed by the state. These occupational pension schemes are very diverse throughout Europe. Normally contributions to such systems are made by the employer and on an optional basis for additional benefits by employees. The contribution level may depend on the wage level or the position within a company. Defined contribution plans (DCP), have fixed contributions and the payout depends on the capital accumulation of the plan. Defined benefit plans (DBP) have payouts guaranteed by the company and the contribution is variable depending on the capital accumulation over time.
An important difference between these two methods is the risk bearer position. In DBP's, the employer guaranties the pension payment which is usually tied to some wage at or near retirement. Hence the company would have to inject money into the pension plan if asset returns do not cover pension liabilities. However, the company would gain, or equivalently reduce future contributions if the asset returns of the plan are higher than required to fund the liabilities. For DCPs, which have become more popular, the employees and pensioners bear the risk of low asset returns. Their pensions are not fixed and depend on the asset returns. High returns will increase pensions and vice versa. There is no direct financial risk for the employer although with poor returns the employer would suffer negative image effects. For example, if there would be a headline "pensions for the Siemens' pensioners have to be reduced by 3% in the next year". The Siemens pension plan for Austria is a DCP but InnoALM is designed to handle either pension system. Some European Member States rely on quantitative restrictions to ensure proper investments. They believe, incorrectly, that such rules do not effect returns or that they protect the pensioners. Others favour the "prudent man" concept, because this allows managers maximum flexibility for investing assets to meet liabilities best. Pragma Consulting (1999) stated that quantitative restrictions, in general, should not be established. However, on an individual basis each pension fund should be allowed to define its own restrictions.
In its communication, the European Commission (1999) again stressed the importance of a relaxation of restrictive quantitative rules on pension fund investing. In the opinion of the Commission the diversification of investments is more important than rules on different investments. Furthermore the Commission recommends the usage of modern asset and liability management techniques although the problem of high costs of such models is of concern. These costs may exclude smaller pension plans from using such models. In the reminder of this paper, such a model, InnoALM, is developed for Austria in the context of the Siemens Austria pension fund. This model can be used by the smaller pension plans.
Formulating the InnoALM as a multistage stochastic linear programming model
The model determines the optimal purchases and sales for each of N assets in each of T planning periods. Typical asset classes used at Innovest are US, Pacific, European, and Emerging Market equities and US, UK, Japanese and European bonds. The objective is to maximize expected terminal wealth less convex penalty costs subject to various constraints. Hence the stochastic program has a concave risk averse utility function subject to linear constraints. As the convex risk measure is approximated by a piecewise linear function, the model is a multiperiod stochastic linear program along the lines of the models of Kusy and Ziemba (1986) and Cariño, Ziemba et al (1994 Uncertainty is introduced by generating multiperiod scenarios using statistical properties of the asset's returns. Optimal allocations are based on optimizing a stochastic linear program using the IBMOSL library routines. Except for stage 0, purchases and sales are scenario dependent. Non-anticipatory constraints are imposed to guarantee that a decision made at a specific node is identical for all scenarios leaving that node. That is the future cannot be anticipated. This is implemented by specifying an appropriate scenario structure in the STOCH input file. The required statements in the input files are automatically generated by the InnoALM system.
Wealth accumulates over time for a T period model according to
t=2,...,T-1, and
is the prespecified initial value of asset i. There is no uncertainty in the initialization stage t=0. Since short sales are not allowed, the following constraints that indicate that sales are no greater than current holdings are included:
The model has built in bounds on portfolio weights so that the user may specify the desired restrictions. The impact of such decisions may be investigated using the dual prices obtained from the optimization of the large linear program in extensive form that represents the multiperiod stochastic linear program. For example, if α k is the maximum percentage of asset k in the portfolio in all periods then
Similarly if β k is the minimum percentage of asset k in this portfolio in all periods, then
Constraints on portfolio assets can also be specified over linear combinations of assets
, and
where A l and B p are the subsets of assets i=1, …, N included in the restrictions l and p, respectively. In principle, the α k 's, β k 's, γ A 's, δ B 's, A l 's and B p 's may be time dependent.
However, in practice, Austrian, Germany and other European Union countries have specified restrictions that vary from country to country but not across time. For example, Austria has the following limits: a maximum of 40% in total equities, with a maximum of 45% in foreign securities, a minimum of 40% in Euro currency bonds, and a 5% maximum of total premiums in non-currency hedged option short and long positions. European pension funds have a very strong preference for bond holdings a shown in Table 5 . Indeed in Austria this amounted, on average, to over 80% of assets in 1997 with an equity weighting of less than 5%. Table 4 More "mature" pillar 2 countries such as the UK and Ireland, which have managed portfolios for outside investors for a long time, have a higher equity exposure which may better reflect the long term aspect of pension obligations. In countries like Austria, Germany, Italy, Spain and France equity markets that were not developed until recently have pension plans that are invested more in local government bonds. Such asset structures also reflect the attitude towards equities in various countries. With the introduction of the EURO in 1999, a first important step towards a more integrated capital market, especially for equities, was made. In Austria, pension funds are now starting to increase their equity positions, but it will take some time to reach a structure similar to those in well established US, UK and Irish pension industries. Strict regulations, unavailability of investment product, fear of foreign investment, a short term outlook, and tradition led to this policy in the past. The regulations, especially the perception of them, are still not very flexible to allow pension managers to diversify their portfolios across asset classes, currencies and worldwide markets.
However, some change from the European Commission is on the horizon. The new proposals would allow European pensions more freedom to invest in equities and in foreign assets and currencies. The limit for worldwide equities would rise to 70% versus the current average of about 35% in EU countries.
Studies such as Dimson, Marsh and Staunton (2000) , Keim and Ziemba (2000) , Siegel (1998) and Goetzmann and Jorion (1999) have indicated that over long periods equity returns have outperformed bond returns. Moreover, the longer the period the more likely is this dominance to occur. See, for example, the calculations in Siegel (1998) who shows that over all twenty year periods from 1926 to 1997 that US equities outperformed bonds and that over 30-year horizons, it is optimal (with a mean-variance model) to be more than 100% in stocks and short bonds based on the past. Hensel and Ziemba (2000) show how slow but steady outperformance of assets can lead to dramatically higher total wealth levels over long periods. For example, for the US during the period 1942-1997, a strategy that was 100% in US small cap stocks with Democratic administrations and 100% in large cap stocks in Republican administrations had, in 1997, over 24 times as much wealth as a typical 60-40 stock and bond mix used in most US pension funds. How much to invest in cash, stocks and bonds over time is a deep and complex issue. For a theoretical analysis where the uncertainty of mean reversion is part of the model, see Barbaris (2000) . One thing is clear, equities have had an enormous advantage over cash and bonds during most past periods in most countries so that the optimal blend is much more equity than 5%.
The high percent of bond allocations in European pension funds has had a substantial effect on actual performance. Table 6 shows annualized real pension fund returns in a subset of five EU countries versus that in the US, UK and Ireland. Not surprisingly the more advanced, more aggressive investment styles in the US, UK and Ireland led to mean returns of about 3% higher per year. In the US, notable examples of institutions close to pension funds that have had very high risk adjusted returns from a variety of private placement hedge fund and other investments without high equity exposures are the endowments of Harvard and Yale universities. This means that higher equity proportions or other ways to increase real returns would have resulted in better funded pension plans, in higher pensions payments or lower contribution rates for companies. The HenselZiemba (2000) study showed that a mean advantage of 1.5% per year over 56 years led to the returns of 14.1% versus 12.6%, and the 24 times outperformance. Of course, this outperformance is predicated on a continuing high equity risk premium and is volatility dependent. Between 1982 and 1999 the return of equities over bonds was over 10% per year in EU countries. However, these high equity returns of the distant past and the 1982-2000 bull market have led to valuations of price-earnings and other measures that in 1999-2001 were are at historically high levels in Europe, the US and elsewhere. Studies of Siegel (1999) , Campbell and Shiller (1998) , Berge and Ziemba (2000) and especially Shiller (2000) suggest that this outperformance is unsustainable and the weak equity return results in 2000 and early 2001 are consistent with this view. However, the long run results indicate equity outperformance and in the future, this historical result may well be continued. Table 7 The pension fund manager who has been mostly invested in bonds has a dilemma.
Should the fund manager move more into assets that have historically had higher mean returns along with higher variance or stick with what has worked satisfactorily if not spectacularly in the past? Of course, what other pension funds do is a factor in evaluation of fund performance especially the use of specified benchmark performance evaluation levels. The specification of the type of benchmark (a linear combination of assets) around which the fund is to be evaluated greatly influences pension investment behavior.
InnoALM is designed to help pension fund managers prudently make these choices taking basically all aspects of the problem into account. For example, Austrian pension fund managers had considerably more flexibility in their asset allocation decisions than the above investment rules would indicate. For example, if an investment vehicle is more than 50% invested in bonds than that vehicle is considered to be a bond fund. So investment in 45% equities and 55% in bond funds (whose average bond and stock weightings are 60-40), gives a fund's average equity of 67%, which is similar to that of the higher performing UK managers. Moreover, currency hedged assets are considered to be Euro denominated. Hence the minimum of 40% in Euro bonds is effectively a 40% limit on worldwide bonds but because of the above rules on weighting of assets, this limit is not really binding either. In addition, the 5% rule on option premium means that managers had effectively full freedom for worldwide asset allocations. However, such use of the rules was not typical by actual pension fund managers. In some scenarios such allocations away from typical pension fund asset allocation in other Austrian pension funds could have led to disaster. So without being armed with a model such as InnoALM that would calculate the possible consequences of asset weight decisions it was safest for managers to go with the crowd.
The liability side of the Siemens Pension Plan consists of employees, for which Siemens is contributing payments based upon the DCP outline, and retired employees who are receiving pension payments. Simulation of the liabilities has been performed for a 30-year horizon based on the following assumptions:
• Active employees are in steady state, that is staff is replaced by a new employee with the same qualification and sex.
• Salary is increasing by an annual rate of 3.5 % to 4.5%.
• Annual Pension Plan contributions are a fixed fraction of salary
• The set of retired employees is modeled according to mortality and marital tables, widows are entitled to 60% of the pension payments.
• Retired employees are receiving pension payments after reaching age 65 for men and 60 for women in accordance with the legal Pension Plan.
• Pension payments to retired employees are calculated based upon the individually accumulated contribution and performance during active employment; for the annuities a discount rate of 6% is used.
• Valorization of pension payments is set equal to 1.5% per annum to compensate for inflation.
As a direct consequence of the last two assumptions, wealth, that is assets, must grow by 7.5% per year to match liability growth. Liabilities related to active employees are simulated on an individual level, due to the steady state assumption. However, growth will only reflect salary increases. Pensioners on the other hand are likely to increase as currently active employees are retiring. The estimated numbers of active and retired employees is shown in Figure 1 .
In addition to the target growth of assets, another output of the simulation of liabilities is the estimated annual net cash flow of plan contributions minus payments. Since the number of pensioners is rising faster than plan payments, these cash flows are negative.
Hence the plan is declining in size. Source: Innovest (2000) As in the Russell Yasuda Kasai model, see Cariño, Ziemba et al (1994 , the model assigns convex penalty risk function costs if prespecified goals in each period are not satisfied. In a typical application, the wealth target at stage t, namely t W is assumed to grow by 7.5% in each period. This is a deterministic target goal for the increase in the pension fund's assets. This assumes that the number of employees in the pension fund is in a steady state. Stochastic benchmark goals are set by the user and similarly penalized for underachievement. The wealth targets are modeled via Since actual pension payments are based on wealth levels, increasing these levels is tantamount to increasing pension payments. These deterministic target increases are typically targeted at 7.5% per year. The actual reserves generated by the stochastic benchmark targets provide security for the pension plans increase of actual pension payments at each stage t.
The pension plan's concave risk averse objective function is to maximize the expected present value of terminal wealth in period T net of expected penalty costs captured by the convex risk measure:
(j={W,B}) are the penalty functions for wealth-and benchmark-targets. The , are discount factors and expectation is over T period scenarios S. Usually r is taken to be the three or six month Treasury-bill rate for discounting. See, however, Campbell and Viceira (1998) who argue that, in a multiperiod world, the proper risk-free asset is an inflation-indexed annuity rather than the short dated T-bill. Their analysis is based on a model where agents desire to hedge against unanticipated changes in the real rate of interest. Ten-year inflation-index bonds are then suggested for r as their duration closely approximates the indexed annuity. There is a third target which is based on a government bond performance index. However, since this target is always satisfied it was removed from the model to avoid the implicit reduction of the weights assigned to the other two targets.
The costs of these shortfalls is based on the least cost way to make up the shortfallembarrassments. Previous literature such as Cariňo, Ziemba et al (1994 and Consiglio, Cocco and Zenios (2001) discuss this. The coefficients may be the product of an optimized combination of borrowing, equity, short and long term debt and other financial instruments. Kallberg and Ziemba (1983) show that for normally (and symmetrically) distributed asset returns that varying λ which equals R A /2, with R A being the average Arrow Pratt absolute risk aversion index, traces out the whole spectrum of risk attitudes of concave utility functions. That is each such function can be represented by a particular value of R A . The most aggressive behavior is log utility which has R A = 1/wealth which is essentially zero.
Typical 60-40 stock-bond pension funds have R A = 4. Negative power utility functions of the form β β 1 − w for β<0 (β→0 yields log) can represent this behavior through an infinite range of R A from zero to plus infinity. For each β, the optimal portfolio is to be β − 1 1 percent in the log optimal portfolio and 1 − β β in cash, see MacLean, Ziemba and
Li (2000) and MacLean and Ziemba (1999) for more on this theory and applications.
While negative power is an ideal theoretical utility function, the Kallberg-Ziemba (1983) results indicate that for computational purposes a quadratic utility function of the form With quadratic utility and initial wealth 0 0 > w , 
3.
Scenario Generation and Statistical Inputs The uncertainty of the random return and other parameters in InnoALM is modeled using discrete probability scenarios. These scenarios are approximations of the true underlying probability distributions and the accuracy of the actual scenario chosen and the probabilities of these scenarios contribute greatly to model success. However, it is known that the scenario approach generally leads to superior investment performance even if these are errors in the estimations of both the actual scenario values and their probabilities. It is not possible to include all scenarios nor some that may actually occur.
What the modeling effort attempts to do is to cover well the range of possible future evolution of the economic environment. Then decisions can be made that take into account all of these possible outcomes weighted by their likelihood. This generally leads to superior performance of multiperiod stochastic programming models as compared with other approaches such as mean variances, fixed mix, stochastic control, stochastic programming with decision rules, etc. Studies showing this superiority include Kusy and Ziemba (1986) , Cariño, Ziemba and Myers (1998a) , Fleten, Høyland and Wallace (1998) , Cariño and Turner (1998) and Dempster (1999) . Surveys discussing these points appear in Mulvey and Ziemba (1995, 1998) .
Procedures for estimating the joint distribution of future bond and stock returns have been discussed by authors including Tobler (2000) , Keim and Stambaugh (1986) , Bossaerts and Hillion (1999) , Ferson and Harvey (1993) , Chen, Roll and Ross (1986) , Karolyi and Stultz (1996) , Dupacova et al (1997) and Zenios et al (1998) . Estimation of scenarios useful as inputs in models such as InnoALM have three aspects: development of prediction models for the stock and bond returns, development of how the correlations and movement of assets change over time and the estimation of a set of discrete scenarios to represent the first two aspects.
While many studies deal with the first aspect of a joint forecast of future correlated stock and bond returns such as the above references there is less emphasis on the changing correlation structure over time but see Das and Uppal (1999) , Karolyi and Stulz (1996) , Longin and Solnik (1998) , Harvey (1991) and Brasker and Koch (1999) . One strong advantage of the InnoALM model is that it uses scenario dependent correlation matrices.
Thus the model can react to extreme events and, more importantly, plan in advance to do so. Correlation matrices are scenario dependent. Models that assume constant correlation matrices make a conceptual error that is one of the major factors appearing in most of the The trouble is when funds are non-diversified, overleveraged and then an extreme scenario leads to a financial disaster. Consideration of the scenario dependent correlations in advance usually leads to a better diversified less levered portfolio that can react better to the extreme scenario and still product good results when other more probable scenarios occur. While mutual funds and pension fund are not usually levered, they can lead to very poor results when they are not diversified. Examples abound but one notable is that of Jeffrey Vinik who lost his job running the world's largest and one of the most successful mutual funds, Fidelity Magellan, for this reason. Later Vinik ran a very successful hedge fund.
Procedures for estimating discrete scenarios from joint multivariate bond and stock forecasting models have been discussed by Dupacova (1995) , Cariño, Myers and Ziemba (1998) , Jamshidian and Zhu (1997) , Mulvey (1996) , Mulvey and Thorlacius (1998) and Golub et al (1995) . In the model, the necessary inputs are the number of (new) nodes generated at each stage, the return distributions, and the statistical properties of returns: mean, standard deviation and correlations across assets. These are scenario dependent as discussed below.
A scenario tree is defined by the number of arcs leaving a particular node. In Figure 2 a binary tree for a five-period problem with six stages is shown. The tree always starts with a single node which corresponds to the present state (t=0). The node structure defines, how many arcs leave a node in a particular period. For instance, the node structure in Figure 2 is 10-8-6-2 giving a total of 10x8x6x2=960 scenarios. 10 8 6 2
Figure 2: Scenario tree with a 10-8-6-2 node structure (960 total scenarios)
Statistical Properties of Returns
The T-stage scenarios in InnoALM may be generated on the basis of the assumptions about statistical properties of returns. They may be specified by the user or estimated from historical data. Means, standard deviations and correlations can be specified by the user. In this case there is no need to use historical data. Different parameters can be specified for each stage of the planning period. Three different correlation matrices with their corresponding standard deviations may be used. These correspond to extreme crash periods, highly volatile markets and typical periods. Each of those situations may be assigned a probability of occurrence such as 1%, 9% and 90% or 10%, 20%, and 70%, For the means of each asset James-Stein estimates may be used which have frequently been suggested as the preferred approach, see e.g. Jorion (1985) , Hensel and Turner (1998) and Grauer and Hakansson (1998) . These estimates are based on the 'global mean' µ , which is the simple average of the individual asset's means µ . The global mean is used to compute weights w which are used to obtain the James-Stein means:
N is the number of assets, n is the number of observations and V is the variancecovariance matrix of returns and , w , v µ and μ are vectors. Depending on the type of assets considerded it may be necessary to perform these calculations for groups of assets of similar type (e.g. equities and bonds).
In order to estimate correlations and standard deviations for extreme crash periods, highly volatile markets and typical periods, we proceed as follows. Suppose the user specifies a 5% probability for extreme crash periods and we use annual returns of a fixed portfolio of all assets. We identify the 5% quantile of these annual returns and monthly returns of the corresponding years. These monthly returns are used to estimate correlations and standard deviations. For the other two types of market situations an analogous procedure is used. Alternatively, it is possible to compute correlations using a regression approach along the lines of a study by Solnik, Boucrelle and Le Fur (1996) . Correlations are regressed on volatilities (moving average estimates are used for both) and predict correlations for the different types of market situations using volatilities that typically prevailed during those market conditions.
Rather than using estimates of the unconditional mean it is possible to forecast expected returns using a univariate autoregressive (AR) model. The following regression model using monthly observations of annual returns is estimated for each asset:
Using the estimated parameters c and φ the expected returns for all required future periods are computed, whereby the length of planning periods is taken into account. For generating more than one-step ahead forecasts the lagged return in this model is replaced by return forecasts.
A multivariate extension of this approach is a vector autoregressive model where each asset's returns are regressed on lagged returns of all assets. The returns of groups of assets (bonds or stocks) are highly correlated. Therefore the following simplification was implemented.
At first a principle components analysis of all observed returns is performed. The number of principle components is automatically determined by the criterion that only components with an eigenvalue greater than one are considered. Then each asset's returns are regressed against lagged values of all the principle components found.
For generating more than one-step ahead forecasts principle components cannot simply be replaced by their forecasts. It is necessary to first compute return forecasts of all assets and, based on these forecasts, to compute the forecasts of the principle components.
These can subsequently be substituted into the forecasting equation.
3.2
Probability Distributions It is possible to choose among the following univariate and multivariate return distributions: normal, t-distribution, univariate empirical, and multivariate empirical.
Any of these approaches may be combined with any of the versions to estimate or define means, standard deviations and correlations described above.
Generating normal or t-distributed random numbers is straightforward. Returns can be generated such that their mean and standard deviations match exactly the prespecified values. Moreover, the skewness of the distribution equals zero; see Section 3.3.
The disadvantage of using the normal distribution is that empirical asset returns are not normally distributed but have fat tails and are skewed. Also these distributions are event/market fear affected. See Jackwerth and Rubinstein (1997) who show how much fatter the implied probability left tails of the S&P500 have become since the 1987 world wide stock market crash because of investor fear of large declines. Using bid-ask spreads over various strike prices for a given month, they find that the probability of large negative returns predicted and paid for by these options is thousands of times fatter than a log normal for 4, 5,6 and more standard deviation below the mean events.
A t-distribution provides an effective way to account for fat-tails. For that purpose the degrees of freedom parameter has to be set to a rather small value (e.g. 5). However, both the normal and the t-distribution are symmetric distributions and may therefore underestimate the downside risk of an asset or portfolio.
Given the difficulty associated with choosing an appropriate parametric distribution a nonparametric approach can be used to generate random samples based on the shape of the empirical return distribution. For that purpose a random sample is drawn from a unit distribution producing values between 0 and 1. These unit random variables are treated as probabilities and their corresponding quintiles are computed from the historically observed standardized returns (i.e. having mean zero and unit standard deviation). These random numbers are converted into the desired random numbers by multiplying by the prespecified standard deviation and adding the prespecified mean. If the means and standard deviations are estimated from the historical returns this procedure effectively generates samples from the historical distribution. If different values for means and standard deviations are used (which may be desirable if future expectations differ from past behavior) this approach still preserves the shape of the empirical distribution.
This approach cannot produce values that are more extreme than historically observed returns. However, it is easy to allow for even more extreme returns by augmenting the historical data set with appropriate fictitious, extreme returns possibly based on different but similar historical series. The approach taken in Ziemba (2000) is followed in InnoALM: whether or not the extreme event is predictable or not is not the key issue. If the event can possibly occur then a scenario to represent it must be included because the model must be able to react to such an event.
The size of the sample that can be generated by this approach is not limited by the number of historical observations. The generated quantiles are obtained from interpolating between adjacent historical distribution, and the interpolation may be abitrarily fine.
In summary, this approach has the advantage that the shape of the historical distribution is preserved and accounts for the non-normality of observed returns.
This third approach is a multivariate extension of the second approach. In addition, it accounts for the changing patterns of correlations among asset returns over time. Random samples are drawn as follows. At first a random number for any asset is drawn in the same way as in the previous approach. Then the actually observed historical return that is closest to the generated return is searched for and the date of its occurrence is identified.
The random numbers for the remaining assets are obtained by taking their actually observed returns for the same date and in-or deflating them slightly, depending on the discrepancy between the historical and generated value of the first asset. The seed asset is not always the same asset but each time another asset is used to serve as the seed asset.
This approach has the advantage that typical correlation patterns are replicated without the need for parametrization. For instance, if an extreme negative return is generated for the first asset then a similar extreme negative return will be generated for another asset only if the other asset is highly correlated with the first one during crash periods. On the other hand, if a moderate (close to zero) return is generated for the first asset and the two asset are also highly correlated during typical times, it is likely that a similarly moderate number is generated for it. If they were not correlated during typical times, any other value could be generated. The advantage of the approach is that it is not necessary to prespecify the exact magnitude of those correlations.
3.3
Simulation and mixing correlations Unless the multivariate version of generating distributions is used, the returns are based on 'mixing' the three correlation/covariance matrices. This is equivalent to generating three samples based on three different correlation matrices. The number of cases in each sample is determined by the number of scenarios required at a particular stage and the probability of occurrence specified for the type of market situation. Irrespective of the specified probability for a market situation at least one sample is generated to represent that market condition. For example, if the probabilities for the three market situations are 2%, 18% and 80% and 10 scenarios have to be generated the number of scenarios of each type is 1, 2 and 7, respectively.
Returns are simulated on the basis of the following procedure:
(1) For each asset generate t n standard normal random numbers t z , where t n is the number of (new) nodes to be generated in period t. If the distribution of returns is required to be symmetrical generate 2 / t n numbers t z . Double the number of random numbers by using both t z as well as t z − in order to center the simulated distribution at 0 and avoid skewness.
(2) Use the random number of step 1 to compile the matrix Z with columns equal to the vectors t z of each asset. The correlation among assets is taken into account by multiplying the matrix Z with the Cholesky decomposition of the correlation matrix C:
(3) Each column of U is standardized such that its standard deviation equals one.
Simulated returns for each asset are obtained by multiplying each column of Ũ with the unconditional standard deviation i σ and adding the unconditional mean it µ where both are adjusted for the length t L of planning period t:
Once the simulated returns have been generated it is necessary to assign appropriate probabilities for each generated scenario. Suppose the 10 scenarios mentioned above are generated at stage 1. The probability assigned to the first, or 'crash' scenario is 2%. Each of the two 'flat' scenario's probabilities is 18%/2=9%. The probability of each of the remaining seven 'normal' scenarios is 80%/7~11.4%.
Suppose that there are 10 further scenarios to be generated at each of the original 10 nodes, resulting in a total of 100 scenarios at stage 2. When probabilities are assigned to these 100 scenarios it is necessary to account for the probability of the joint events following each other. For instance, if one of the scenarios at stage 2 is a 'crash' scenario its probability must not only reflect the 2% (unconditional) probability of a 'crash' scenario but also the likelihood of the preceding event. For example, two subsequent 'crash' scenarios are less likely than a 'crash' following a 'flat' scenario.
To formalize the probability assignment procedure let 
Implementation, output and sample results
This section describes some details of the implemention and provides an illustrative example. Figure 3 depicts the model's elements. An Excel spreadsheet provides the user interface. The spreadsheet is used to select assets, to define the number of periods and the scenario node-structure. The user can specify the wealth targets, cash in-and outflows and the asset weights that define the benchmark portfolio (if any). The input-file also contains a sheet with historical data and sheets to specify expected returns, standard deviations, correlation matrices and all steering parameters.
Statistical analysis and simulation uses the GAUSS programming language. This language is also used to generate the SMPS input files (core, time and stoch files). This greatly facilitates experimenting with the model because there is no need to do any recoding or manipulating SMPS files if different assets are considered, or a different node structure is assumed. The problem is solved with IBM's optimization solutions library using the stochastic extension library (OSLE version 3). The solution is written to an output-file that is used to generate summary tables and graphs. . The periods are twice 1 year, twice 2 years and 4 years (10 years in total). We generate 10000 scenarios based on a 100-5-5-2-2 node structure. The wealth target grows at an annual rate of 7.5%. We use R A =4 and the discount factor equals 5%. R A =4
corresponds roughly with a simple static mean-variance model to a standard 60-40 stockbond pension fund mix; see Kallberg and Ziemba (1983) . Hence it is appropriate for this application.
Assumptions about means, standard deviations and correlations are based on monthly return data from 1986 to 2000; see Table 7 . Correlation matrices for the three different regimes are based on the regression approach used by Solnik, Boucrelle and Le Fur (1996) . We start by selecting all returns below the 10% quantile of US equity returns, between the 10% and 30% quantile and above the 70% quantile of those returns. The first group represents 'crash' periods, the second group 'flat and declining markets' and the third group 'normal' periods. We compute the standard deviation of US equity returns in each group. Using a regression equation that relates correlations between asset classes to the volatility of US equity, we obtain the correlations in Table 7 . The correlations show a distinct pattern across the three regimes. European Bonds may serve as a hedge for equities during highly volatile periods. We calculate optimal portfolios in four different cases. In the case labeled 'N' all return distributions are assumed to be normally distributed and no mixing of correlations matrices is performed (i.e. we consider only typical periods). In case 'NM' we allow for mixing correlations and assume that 10% of the time, markets are extremely volatile. In 20 % of the time there flat or declining markets and, during the remaining 70% of the time, markets are assumed to be typically correlated. Mixing correlations also implies mixing different levels of volatility. In the case 'TM', the same mixing proportions are assumed but equities are assumed to have fat-tails. Annual returns of all asset classes are well described by a joint normal distribution. However, monthly returns for equities are clearly non-normal. To introduce this aspect and to investigate the model's sensitivity to these features, we assumed that equity returns have a t-distribution with 5 degrees of freedom. Finally, in the case 'TMC', we maintain all assumptions of case 'TM' but take into account Innovest's constraints on asset weights (see Table 4 ). Eurobonds must be at least 40% and equity at most 40% and these constraints are binding as shown in Table 8 . Tables 8 and 9 show the effects of these cases in terms of the optimal initial asset weights at stage 0 and the expected (average) weights at the final stage. It is instructive to break down the rebalancing decisions at later stages into groups of achieved wealth level. This reveals the 'decision rule' implied by the model depending on the current state. For that purpose quintiles of wealth were formed at stage 1 and the average optimal weights assigned to each quintile were computed. Figure 4 shows the distribution of weights for each of the five average levels of wealth. Table 11 are not that small although they decline over time.
Higher penalty costs are needed to lower these probabilities if they are unacceptable. Figure 6 shows the evolution of total wealth over time for the case TM in terms of the median, the 5% and the 95% quantile of the total wealth distribution. The target wealth is shown as a reference. and is shown in Table 12 for each stage and in Figure 7 throughout the planning horizon of ten years. These values are in monetary units given an initial wealth level of 100.
They can be put into context by comparing them to the wealth targets (see Table 10 ). We now investigate the effect associated with changing the forecasted future means of equity returns. It is assumed that an econometric model has shown that the future mean return for US equities is at some value. This parameterized mean is assumed to be 6 to 16%. The mean of European equities is adjusted accordingly so that the relative means from the 1986-1990 data is maintained: the ratio of European and US equity means is 12/13. We retain all other assumptions of case TM (t-distribution and mixing correlations). This allows for a two-dimensional graph of results as shown in Figure 8 , which summarizes the effects of these mean changes in terms of the optimal initial weights. Figure 9 shows the implications of changing the mean of US equity in terms of the probability for wealth target shortfall at all stages. We also investigate the impact of the design of the scenario tree and the number of stages. For that purpose we use 10000 scenarios generated according to 100x20x5, using periods of length one, three and six years (total ten years). We use the same assumptions about returns statistics and consider case TM. Table 13 compares the optimal portfolio weights at stage 0 and at the final stage for a three-period and a five-period problem (see Tables 8 and 9 ). We conclude that a slightly more cautious policy is implemented if there are less opportunities to rebalance the portfolio (19.3% versus 17.7% weight of bonds). 
Conclusions and final remarks
The model InnoALM provides an easy to use tool to help Austrian pension funds' investment allocation committees evaluate the effect of various policy choices in light of changing economic conditions and various goals, constraints, and liability commitments.
The model includes of features that reflect real investment practices. These include multiple scenarios, fat tailed and uncertain mean returns. The model provides a systematic way to estimate in advance, the likely results of particular policy changes and asset return realizations. This provides more confidence and justification to policy changes that may be controversial such as a higher weight in equity and less in bonds than has traditionally been the case in Austria.
The model is an advance on previous models and includes new features such as scenario dependent co-variance of return matrices. Crucial to the success of the results are the scenario inputs and especially the mean return assumptions. The model has a number of ways to estimate such scenarios. Given good inputs, the policy recommendations tend to significantly improve current investment practice and provide greater confidence to the asset allocation process.
